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NEW HERMITE-HADAMARD TYPE AND SOME RELATED
INEQUALITIES VIA s—TYPE p—CONVEX FUNCTION

MUHAMMAD TARIQ

ABSTRACT. In this work, we define and introduce the idea of s—type p—convex
function. We elaborate the new introduced idea by examples and some in-
teresting algebraic properties. As a result, several new integral inequalities
are established. These new results yield us some generalizations of the prior
results.

1. INTRODUCTION

The theory of convexity has a rich and paramount history and has been the focus
and fixed point of intense study for over a century in mathematics. This theory and
their generalizations also play a magnificent role in the analysis of extremum prob-
lems. This theory had not only interesting and deep results in different branches of
engineering and mathematical sciences, but due to widespread view and have a lot
of applications, this theory provides numerical quadrature and amazing tools for
researchers to tackle and to solve a wide class of related and unrelated problems.
The theory of convexity also played significant and meaningful role in the devel-
opment of the theory of inequalities. Inequalities are one of the most important
instrument in many branches of engineering and mathematics such as measure
theory, probability theory, functional analysis, mathematical analysis, mechanics,
physics and theory of differential and integral equations. Nowadays the theory of
inequalities is still being intensively developed. Eventually the theory of inequal-
ities may be regarded as an independent area of mathematics. Iscan et .al [11]
first time introduced p—convex function. Motivated and inspired by the ongoing
activities and research in the convex analysis field, we find out that there exists a
special class of functions known as s—type convex function. Recently S. Rashid et
.al [23] introduced n—polynomial s—type convex function.

The aim of this article is to define and introduce a new class of functions called
s—type p—convex functions and also to study some of their algebraic properties.
Several new inequalities via s—type p—convexity are establish. Examples with logic
and applications via newly introduce definition are provided. The amazing tech-
niques and remarkable ideas of this article may inspire and motivate for further
research in this pivotal, captivating and valuable field. Before we start, we need
the following necessary known definitions and literature.
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Definition 1. [18] A function ¢ : I — R is said to be convez, if

(1.1) P (ke + (1= k) ) <k (a) +(1— k)Y ()
holds for all 61,62 € I and k € [0,1].

If the above inequality reverses, then v is said to be concave.

Many famously known results in inequalities theory can be obtained using the
convexity property of the functions, see [5, 8, 14] and the references therein.

The Hermite-Hadamard inequality play an amazing and magnificent role in the
literature, no one can refuse from its significance and importance. Since then re-
searchers have shown keep interest in above inequality as a result various general-
izations and improvements have been appeared in the literature. Many mathemati-
cians put effort, hardworking and has collaborated different ideas and concepts in
theory of inequalities and its applications. This type inequality has remained an
area of great interest due to its widespread view and applications in the field of
mathematical analysis. If a function ¢ : I C R — R is convex in [ for ¢;,¢ € [
and ¢; < ¢, then

(12) w(“ ;ﬂs L /:M@dn < o) +¥len)

Interested readers can refer to [1]—[22].

Definition 2. [24] A nonnegative function ¢ : I — R, is said to be h—convez, if
(1.3) ¥ (k6 +(1=k)e) Sh(K)Y(q) +h(1—r)Y(a),
holds for all 1,52 € I and k € (0,1).

1 is h—concave, if above definition is reversed. Clearly that, if we substitute h(x) =
K, then the h—convex functions collapses to the classical convex functions, see [2, 17].

Definition 3. [25] If I C (0,400) be a real interval and p € R\0. A function
Y I — R is said to be a p—convex, if

1
(1.4) 6 (Inst + (1= m) 1) < nw () + (1= W) ¥ (s2),
Ve, €1 and k € [0,1]. @ is p—concave if the above inequality is reversed.

According to the above definition, if we put p = 1, then p—convex functions collapses
to ordinary convex functions defined in I C (0, +00).

Definition 4. [23] A function ¢ : I — R, is said to be s—type convex function, if
(1.5) P (s + (1 =r)e) <[1—s(—r)lpla) +[1 - skli(s),
holds ¥ ¢1,52 € I, s € [0,1] and k € [0,1].

Motivated by the above results, literature and ongoing activities and research in this
amazing and captivating field, we will give in Section 2, the idea and its algebraic
properties of s—type p—convex function. In Section 3, we will derive the new version
of Hermite-Hadamard inequality by using the newly introduced definition. As a
result in Section 4, we will give related results. Finally, a brief conclusion will be
provided as well.

IJSER © 2020
http://www.ijser.org

499



International Journal of Scientific & Engineering Research Volume 11, Issue 12, December-2020
ISSN 2229-5518
500

NEW HERMITE-HADAMARD TYPE AND SOME RELATED INEQUALITIES VIA s-TYPE p—CONVEX FUNCTIOIS

2. SOME ALGEBRAIC PROPERTIES OF s—TYPE p—CONVEX FUNCTIONS

We are going to add a new definition in this section namely s—type p—convex func-
tion and its some basic algebraic properties.

Definition 5. A nonnegative function ¢ : I — R, is said to be s—type p—convez, if

P

(2.1) w([mu(l—n)cﬂ >S[1—(3(1—H))]1/)(<1)+[1—(5’*6)}1#(@)’

holds for all 61,52 € I and k € [0,1].

Remark 1. (i) Choosing s = 1, we get Definition 3.

(i) Choosing p =1 in definition 5, we get Definition 4.

(iii) Choosing p = —1 in definition 5, we obtain the following new definition about
harmonic s—type convex function:

G162

2.2 — ) < [1—(s(1 — 1-— .

2 (o) Sl G- + - (0l ()

(iv) Choosing p =1 and s = 1 in definition 5, we get Definition 1.

(v) Choosing p = —1 and s = 1 in definition 5, we get Definition (2.1) in [13].

These are the best advantages of this newly introduce definition if we put the
value of n, p and s , then we obtain new inequalities and also found some results
which connect with previous results.

Lemma 1. The following inequalities [1 — (s(1 — k))] > k and [1 — (sk)] > (1 — K)
are hold. If for all k € [0,1].

Proof. The proof is evident. O

Proposition 1. Let I C (0,+00) be a p—convex set. Every p—convex function on
a p—convex set is an s—type p—convex function.

Proof. Using the definition of p—convex function and from the lemma 1 , since
k<[1—=(s(1=k))]and (1 —k) <[1—(sk)] for all k € [0, 1], we have

P <[H<1p + (1 —k) <zp]
<= (s(X = k) (1) +[1 = (sK)]¥ (c2) -

) < kY () + (1= k)Y ()

O

Proposition 2. FEvery s—type p—convexr function is an h-convex function with
hik) = [1 = (s(1 = &))].
Proof.

(4 ({mp +(1—r) QP} p) <= (1 =R (1) +[1 = (sr)]¥ (c2)
<h

(£)Y(s1) + h(1 = K)Y(s2).
O

Now we makes some examples via newly introduce definition n—polynomial s—
type p—convex function.
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Example 1. If ¥(x) = aP is p—convex function for all positive values of x and
p € (—00,0)U[1, 00) [15], then by using Proposition 1, it is s—type p—convex function.

Example 2. Let ¢ : (0,00) = R, ¢(z) =27 P, p>1, then ¢ is p—convex function
[15], so by using Proposition 1, it is s—type p—convex function.

Example 3. Let ¢ : (0,00) = R, ¥(z) = —Inz and p > 1, then ¢ is p—convex
function [15], so by using Proposition 1, it is s—type p—convex function.

These are the clear advantages of the proposed new definition with respect to
other known functions on the topic mentioned above. Now, we will study some of
its algebraic properties.

Theorem 1. Let ¥, ¢ : [¢1,52] = R. If ¢ and ¢ are two s—type p—convex functions,
then

(1) ¥ + ¢ is s—type p—convex function.
(2) For nonnegative real number c, ¢y is s—type p—convex function.

Proof. (1) Let ¢ and ¢ be s—type p—convex, then

W+9) ([c H1-0w] ’1)>

1

= ([mgp—i—(l —m)Q”} p) + ([mqp—i— (1 —m)<2pr>

(1= (s(1 = r)IY (1) +[1 = (s8)]9 (s2)
[1—(s(1 = k)le (1) +[1 = (s8)lp (s2)

+ IA

:[1

(s(I=r)] W () + @ ()] +[1 = (s8)] [¢ (2) + ¢ (2)]
=1 K

(s(U =)+ @) (1) + [1 = (sr)] (¥ + ) (s2) -

(2) Let ¢ be s—type p—convex function, then

(cab) <|:Ii§1p + (1 —k) §2p} [1)>

< c[u (s — ) ) + [1— (sm)Jo <<2>]

=[1 = (s(1 = k)ev (1) + [1 = (sK)']ew) (<2)
= 1= (s(1 = r))] (et) (1) + [1 = (sw)] (ct)) (2) ,

which completes the proof. O

Theorem 2. Let p : I — J be p—convez function and v : J — R is non-decreasing
and s—type convex function. Then the function ¥ o p : I — R is s—type p—convez.
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Proof. For all ¢1,6 € I, and & € [0, 1], we have

(Y o) <|:/€§1p +(1- /i)QP} llp)
=1 (go <|:I€§1p +(1— k) <2p] ;>>

<Y (ke (s1) + (1= k) p(s2))
<= (s(1 =)W (¢ (s1)) +[1 = (sK)]Y (¢ (s2))
1= (I =r)(Wop)(s)+[l—(sk)](¥op)(s),

which completes the proof. ([

Theorem 3. Let v¢; : [¢1,52] = R be an arbitrary family of s—type p—convex func-
tions and let () = sup; ¥i(s). If O = {s € [1,%2] : ¥(s) < +o0} # O, then O is an
interval and v is s—type p—convez function on O.

Proof. For all 1,62 € O and & € [0, 1], then we have

W ({nqp + (1 — k) §2p] ;>

<= (s(T=r)) SUp (1) +[1 = (s5)] sup 5 (2)

7

= [1—=(s(1 = r)]¢ (a1) +[1 = (sr)]¥ (c2) < +o0,
which completes the proof. ([

3. HERMITE-HADAMARD TYPE INEQUALITY FOR S—TYPE p—CONVEX FUNCTIONS

The purpose of this portion is to derive a new inequality of Hermite-Hadamard
type for the s—type p—convex function 1.

Theorem 4. Let 1) : [¢1,62] = R be n—polynomial s—type p-convex function. If
Y € L1([¢1,52]), then

(3.1) Qisw( {c{’;c§]é> ST - ACI [w (<1)+1!J(§2)} {2_8}

— 7 1—
2 =1 Jg TP 2

Proof. Since 9 is s—type p—convexity, we have

1

32 9 Gﬂx” +(1—r) yp} ) <= (s =m)e () +[1 = (sr)]¥ (),

which lead to
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Using the change of variables, we get

w([gi’ﬁﬁsu(;n | |

X {’(/J ([nqp + (1 - k) cgp]p> + <{(1 —K)s1P +Ii§2p:| p) }

Integrating the above inequality with respect to « on [0, 1], we obtain

1
1 {Cfcé’ ]p< p 2 9(x)
G

2—s"|f +< 5=t ), altP

dx,

which completes the left side inequality. For the right side inequality, changing the

1

P
variable of integration as x = {mqp + (1 —k) ggp] ) and using the definition of

the s—type p—convex function v, we obtain

p 2 (x)

P __D i—
S =6 Jg TP

:/Olqp<[/f§1p+(l—n)<2pr> dk

- /01 [“ ~ (L= (o) + [1 = (5] (@]dﬂ

dzr

— ¥ (a1) / [ (s )+ () / [t = (w)lds
L {w (1) +w(<2>} [2;8]

which give the right side inequality. ([

Remark 2. (i) If we put p =1 in Theorem /4, then

[ ] < s [T < v o] [257]

4. REFINEMENTS OF (H-H) TYPE INEQUALITY VIA $—TYPE p—CONVEX
FUNCTIONS

Let us recall the following Lemma that we will used in the sequel.

Lemma 2. [12] Let ¢ : I — R be differentiable function on I° with 1,62 € I and
G1 < 2. If ' € Ly[c1, 2], then

(4.1) dal e p o [ (€29

2 <§_<f 1 al=p 2p

L 1-2k 1
— Y ([wa? + (1 = k) &P 7 ) dk.
X/O ([ra1P + (1= k) P]) 7 ([ " ) )
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Theorem 5. Let ¢ : I — R be differentiable function on I° with ¢1,50 € I and
61 < 2. If Y € Li[s1, 5] and [¢'|? is s—type p—convex on [s1, 2] for ¢ > 1, then

P - R CELATPE

2 @ st o #P

1

x [Bzw’(q)w n Bs|w'<<2>|q] "

1 1
1-2 1—2k||1— 1-—
Bl — / | KJ' =" d:‘{, BQ = / | HH (S( :i)]l d/€,
0 [kaP+(1—K)r] » 0 [rkeiP 4+ (1—K)eP] 7

B 1 |1 —2k]|[1 — (sK)]
Bg—/o [ ldﬁ.

1—1
kP + (1 —kK)eP] 7

Proof. Applying Lemma 2, properties of modulus, power mean inequality and s—
type p—convexity of [1)'|?, we have

‘wq) (o) b [ )
2

p__ P 1—
S1 S1 x P

dx
S2

1—-2k

| (s +t= ]} o ([ -me])
(<§2—p<f> (/01 11— 24| 1;dﬁ)1;

(

(

drk

IN

{mcﬁ’ + (1 —k) §2p]

1 1
1—-2k P
/O | | |V <{/‘€€1p+ (1-k) €2p] )
[qu +(1-k) QP}
b —<P /1 11— 2k e =g
2p 0 -3

rar+ (10|

[/1 11— 24
X 1
0 1=

{nglp +(1-k) gQP}

X

¢\
dn)

IN

1
a

x {[1 (s = ) () [ 4 [1 — ()1 (s2) |q}dn]
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P 1 11— 2] -3
(550 () )
2p 0 =z
[Iﬁqp +(1—-k) §2p}

[ GO )

[Focl?’ + (1 —k) czp] 1

+/ ‘1_2K|[1_(8K)]1_;W/ (<2)|qd,€‘| ’
0 P
[f@q” +(1-k) czp]

p p
Sy — 61 1—1
= B q
( 2p >( 1)

>{&me+&wmmr,

which completes the proof. ([

Theorem 6. Let ¢ : I — R be differentiable function on I° with ¢1,50 € I and
G < . If @' € Lils1,52) and |¢'|? is s—type p—convex on [s1,s2] for ¢ > 1 and
% + % =1, then

2 b p

(4.3) p(s1) + ¢(s2) P /Q pla) .

Q=

<[ Batgor + Bl

where

and
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Proof. Applying Lemma 2 properties of modulus, Hélder’s inequality and n—polynomial
s—type p—convexity of |¢’|?, we have

v o (vl

PP -
2 S =<1 Jo atP

IN

=

@\
dli)

g ([K&qp +(1—k) QP}

)

| L (s(1 = )] (1) 7+ [~ (sm)][9 (s2) 'qdm);
; r(lé)

{nqp +(1—k)gP

IN
7N N TN N TN
S
Nl \
hS]
Va)
=
N———
7 N
—
7
N———
~I

1

< BB

which completes the proof. ([

Theorem 7. Let ¢ : I — R be differentiable function on I° with ¢1,50 € I and
G <. If ¢’ € Li[s1,52] and |¢'| is s—type p—convex on [¢1, <], then

(4.4) ’@(cl)ﬂo(cz) P - /: @(x)dx‘ < (H)

2 b — zl=p 2p

x (Bﬁuo'(q)r] n B7|so'<<2>|q>,

where

B / 1201 = (s =)

[r1? + (1 — k) @P] e

I | 0
B7—/O[ 1d.

1—1
kP + (1 —K)eP] 7
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Proof. Applying Lemma 2, properties of modulus and s—type p—convexity of |¢’|?,
we have

‘cp(q) +o(e) p /<2 w(m)dx'

2 Skt zi=p
S <§§2_p<{)> /01 ([“clp + (11_—2; <2PDI; g ({mp He Qp] ) o
&P ! 1-2k
< ( 22p l ) /0 ([Kqu(l —:‘i)(gp:|)1_;
1= (0= Ol 0l + 1 = sl )l s
(o s
oy [ ()]
o (Q)'/O [qup + (1= k) <21’} = ]
— (252) (Bale'tl+ Bl @),
which completes the proof. 0

5. CONCLUSION

We have introduced and investigated some algebraic properties of a new class of
functions namely s—type p—convex. We showed that this class of functions had some
nice properties, which other convex functions had as well. We proved that our new
class of s—type p—convex function is very larger with respect to the known class of
functions, like convex and harmonically convex. New version of Hermite-Hadamard
type inequality and an integral identity for the differentiable functions are obtained.
In recent years, many researchers put the effort into the theory of inequalities to
bring a new dimension to mathematical analysis and applied mathematics with
different features in the literature. Due to widespread views and applications, the
theory of inequalities has become an attractive, interesting and absorbing field for
the researchers. It is high time to find the applications of these inequalities along
with efficient numerical methods. The interested reader can found other new results
using other suitable functions ¥ and also new bounds for special means and error
estimates for the trapezoidal and midpoint formula. To the best of our knowledge
these results are new in the literature. Since convex functions has large applications
in many mathematical areas, we hope that our new results can be applied in convex
analysis, special functions, quantum analysis, quantum mechanics, post quantum
analysis, related optimization theory, mathematical inequalities and may stimulate
further research in different areas of pure and applied sciences.
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